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Abstract 
In this paper we prove that if the underlying LOTS of a perfect GO-space satisfies local per- 
fectness, then the GO-space can embed in a perfect LOTS. 
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1. Introduction 
A GO-space (= generalized ordered space) is a triple (X, ~-, ~<), where (X, ~<) is a 
linearly ordered set, T a topology on X which is 7"1 and has the base consisting of 
open sets which are order-convex. If we denote the usual interval topology on X by A, 
then (X, A, ~<) is called a LOTS (= linearly ordered topological space), and we say the 
(X, A, ~<) is an underlying LOTS of the GO-space (X, T, <~). If a GO-space (X, T, ~<) 
can topologically embed in a LOTS (Y, A, ~<-), then the LOTS (Y, A, ~<~) is called an 
orderable extension of (X, % 4).  If the embedding is order-preserving, then the LOTS 
(Y, A, <~~) is called a linearly ordered extension of (X,~-, ~).  It is asked whether the 
perfectness of a GO-space can be preserved by its orderable xtension. In [6] we proved 
that there exists a perfect GO-space which cannot densely embed in any perfect LOTS. 
On the other hand, the following problem which is posed by Bennett and Lutzer remains 
open [3]. 
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Problem 1.1. Is it true that every perfect GO-space can embed in a perfect LOTS? 
Related to above problem, it is known that a perfect GO-space which satisfies the 
ccc can (densely) embed in a perfect LOTS [2] and Bennett, Hosobuchi and Miwa gave 
some conditions under which a perfect GO-space can embed in a perfect LOTS [1]. 
In this paper we consider the conditions which the underlying LOTS of a perfect GO- 
space satisfies such that the GO-space can embed in a perfect LOTS. The main result 
is that if a perfect GO-space has a locally perfect underlying LOTS, then the GO-space 
can embed in a perfect LOTS. 
Throughout of this paper we shall use the following notations: 
(Y, ~<): An ordered set. 
(Y, A, ~<): The LOTS where A is the usual interval topology on Y. Simply say the 
LOTS Y instead of (Y, A, ~<). 
"r: A topology on Y such that (Y, % 4) is a GO-space. 
It is well known that a GO-space topology on (Y, ~<) can be determined by the fol- 
lowing subsets of Y: 
I :  {x C r :  {x} 6 T -  l}; 
R:{x r-I: A}; 
L={xcY-Z: 
E=Y-  (RULUI ) .  
So we denote the GO-space (Y, T, ~<) by X = GOy(R,  E, I, L), simply say X is a 
GO-space on Y and Y = (Y, A, <~) is the underlying LOTS of X. 
The term "convex" means "order-convex". For the undefined terminology and notions, 
we refer to [4,6]. 
2. The basic result 
First we present a basic result which is the foundation of the theorems in Section 3. 
Theorem 2.1. Let Y be a LOTS, X = GOy(R, E, I, L) a perfect GO-space on Y If Y 
is perfect, then X has a perfect linearly ordered extension. 
Proof. Since X is perfect and I is an open set of X, I is an F~-set. Let I = U{Fn: n E 
w}, where F,~ is closed in X for every n E co and let ]2,~ = {Vn~: o~ C A,~} be the set 
of all convex components of X - Fn. 
Put 
n(x-z)  # 0}, 
then for each V C V~, there exists a convex open set Ov = intz V of Y such that if an 
endpoint of V belongs to R U L, then the endpoint of V belongs to cly Ov. Notice that 
V~ is a collection of disjoint sets. So {Or: V E V~} is a collection of disjoint open sets 
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of Y. Since Y is perfect {Ov: V E 12~} is ~r-discrete in Y and so is {clv Or: V E V~}. 
Let 
B~ = {x E R: z is an endpoint of V for some V E V~}, 
B + = {x E L: z is an endpoint of V for some V E ])~}, 
B,, = u B +,  
B-=U{B;: "+=U{<: 
B=B+UB -. 
Then by the above discussion Bn is ~r-discrete in Y and so is B. 
Let P(X) be a subset of X x [-1, 1] defined as follows: 
P(X) = (X x {0}) U ( (R -  B-)  x {-1}) U ( (L -  B +) x {1}) U (Io x (-1, 1)) 
U((B-UI_)  x (-1,0))U ((B+ U I+)x  (0, 1)), 
where 
L={zE I :  there i sayEXsuchthatx<yand(x ,y )=0}~ 
I+={zE I :  there i sayEXsuchthaty<xand(y ,x )=0},  
and 
.to = ±-  (L  u I+) .  
Let P(X) be equipped with the lexicographic ordering and the interval topology of 
this ordering. Then it is easy to show that e:X -+ P(X) defined by e(z) = (x, 0) is 
order-preserving homeomorphic mapping from X onto the subspace X x {0} of P(X). 
We will prove P(X) is a perfect LOTS. 
Let U be an open set of P(X). For z E Fn, U N ({z} x ( -1 ,  1)) has the form 
U M ({x} x (-1,0]) if x E k or U M ({x} x [0, 1) if x E I+ or U A ({x} x ( -1 ,  1)) 
if x E I0. Since {x} x (-1,0],  {x} x [0,1) and {x} x ( -1 ,1)  are clopen in P(X) 
and homeomorphic with (-1,0],  [0, 1) and ( - l ,  1), respectively, U N ({x} x ( -1,  1)) is 
an F~-set in P(X). Put U A ({x} x ( -1,  1)) = U{F(x,n,k): k E w} and G(n,k) = 
U{F(x,n,k): x E F,~}, where F(x,n,k) is closed in P(X). 
We show G(n, k) is closed in P(X). Take (x, y) E P(X) - G(n, k). 
Case 1: x E Fn. Then (x, y) E (({x}x(--1, 1))AP(X))-F(x,n, k). LetO = (({x}x 
( -1 ,  1) n P(X)) - F(x, n, k). Since F(x, n, k) is closed and ({x} x ( -1 ,  1)) A P(X) 
is open in P(X) ,  O is open in P(X). Hence O is an open neighbourhood f (x, y) and 
o n c (n ,  k) = 0. 
Case 2: x E I -  Fn. ({x} x ( -1,  1))N P(X) = O is an open neighbourhood f (x, y) 
in P(X) and it is easy to see that O R G(n, k) = O. 
Case 3: x E B. In this case observe that x ~ F,~ and x has neither predecessor nor 
successor in X. There exists z E X such that z < x when x E B + (or x < z when 
x E B - )  and (z,x] M Fn = O (or [x,z) fq F~ = O) since F~ is closed in X. Thus 
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((z, 0), (x, 1)) (or ( (x , -  1), (z, 0))) is an open neighbourhood of (x, y) in P(X) which 
is disjoint from G(n, k). 
Case 4: x E (RUL)  -B .  Notice that in this case x ~ Fn. Since z E X -  1 there exists 
Vn~0 E 12~ such that x E Vn~0- Because x ~ B, x is not the endpoint of Vn~o and from 
x E RUL it follows that x has neither predecessor nor successor. Hence there exist a, b E 
V,~ 0 such that a < x < b. So (a, b) C V,~,,, (a, b) C~ Fn = 0. Therefore ((a, 0), (b, 0)) is 
an open neighbourhood of (x,y) in P(X) such that ((a,0), (b,0)) N G(n, k) = O. 
Case 5: x E E. In this case Y = 0. If {x} is open in Y, then x has predecessor and 
successor. It is easy to see that {x,0) also has predecessor and successor in P(X). So 
{(x,0)} is open in P(X) which clearly disjoint from G(n,k). If {x} is not open in 
Y and has a successor (or predecessor), then there exists z E X such that z < x and 
(z, x] n Fn = 0 (or x < z and [x, z) n Fn = 0). Notice that in this case (x, 0) also 
has a successor (or predecessor) in P(X). So ((z,0), (x, 0)] (or [(x,0), (z,0))) is an 
open neighbourhood of (x, 0) in P(X) which disjoint from G(n, k). If {x} has neither 
successor nor predecessor, there exist a, b E X such that a < x < b and (a, b) M Fn = 0 
because x E E and Fn is closed in X. So ((a,0), (b,0)) is an open neighbourhood of
(x,0) in P(X) and ((a,0), (b,0)) nG(n,k) = O. 
Therefore G(n, k) is closed in P(X) for every n, k E w. This shows that U N (I × 
( -1 ,  1)) = LJ{G(n, k): n,k E co} is an F~-set in P(X). 
For x E B, it is easy to show that U N ({x} × ( -1 ,  1)) is an F~-set in P(X). We 
may put B = U{An: n E co}, where An is discrete in Y for each n E co since B is 
a-discrete in Y. For z E An, put UM ({x} x ( -1 ,  1)) = U{Gl(x,n,k): k E co} where 
Gl(X, n, k) is closed in P(X) for each k ~ co. Let 
c (n,k) = U{cl(x,n,k): An}, 
then Gl(n, k) is closed in P(X) since An is discrete in Y. Therefore UN(B x ( -1 ,  1)) = 
U{Gl (n ,k ) :  n,]~ E co} is an F~-set in P(X). 
We next consider the points of U whose first coordinates lie in EtA (R -  B - ) tA (L -  B + ). 
Let 
D1 =UN (E × {0}), D2 = UN [ (R -  B - )  x {0, -1}] ,  
D3 = U A [(L - B +) x {0, 1}], D = D1 O D2 U D3. 
We will choose, for each (x, y) E D, an open interval S(z, y) in P(X) which is an 
open neighbourhood of (x, y) contained in U in the following way: 
(1) For (x,0) E D1, there exist (a, yl), (b, y2) E P(X) such that {a, yl) < (x,O) < 
(b, y2) and ((a, yl),(b, y2)) C U. Because x E E, for any y E [ - -1 ,1 ] -  {0}, 
(x,y) ~ P(X). So a < x < b. If ((a,0),(b, 0)) C ((a,y,),(b, y2)), put S(x,O) = 
((a,0), (b, 0)). If ((a,0), (b,0)) cannot be contained in ((a, yl), (b, ya)), then (a,0) < 
(a, yx) or (b, y2) < (b, 0). If (a,0) < (a, yl), then 0 < Yl, so (a,x) ¢ 0. Sim- 
ilarly, if (b, y2) < (b, 0), (x, b) ¢ 0. Therefore we may always choose a r, b t such 
that a ~< a ~ < x < U ~< b and (a, yl) ~< (at,0) < (x,0) < (U,0) ~< (b, y2). So 
((a',0),  (U,0)) C ((a, yl), (b, yz)) C U. Put S(x,O) = ((a',0), (U,0)). 
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(2) For (x,0) E D2, since x E R - B - ,  (x, 0) has a predecessor (x , -1 )  in P(X) 
and for any Yl > 0, (x, yl) ¢ P(X) and x has no successor in X. So we may choose 
z > x such that (x , -1 )  < (x, 0) < (z,0) and ( (x , -1 ) , ( z ,0 ) )  C U. Put S(x,O) = 
((x,-1), 
(3) For (x , -1 )  E D2, (x,0) is the successor of (x , -1 )  in P(X) and x has no 
predecessor in X. So we may choose z < x such that (z, 0) < (x , -1 )  < (x, 0) and 
((z,0), (x,0)) C U. Put S(x,-1) = ((z,0), (x,0)). 
(4) For (x, 0) E D3, the argument in (2) allows us to choose some z < x such that 
((z, 0), (x, 1)) c u. put s(x,  0) = ((z,O), (x, 1)). 
(5) For (x, 1) E D3, the argument in (3) allows us to choose some z > x such that 
((x,0), (z,0)) C U. Put S(x, 1) = ((x,0), (z,0)). 
For an open convex set S in P(X) ,  we define 
= {x E X: (x,y) E S for some y E [-1, 1]}, 
then it is easy to check that S is a convex set of X. Denote the open convex set of Y 
corresponding to S by ~o which is the interior of S in Y. The set ~o may be empty 
in the general case, but it is easy to show that if (:~, y) E D and S(x, y) is one of the 
special sets defined above, then S°(x, y) ¢ (~. 
Let 
W=U{S(x ,y ) :  (x,y) E D}, 
then W is an open set in P(X) which contains D and is contained in U. Let {W~: c~ E 
A} be the collection of convex components of W. For distinct a and ~ in A, because 
W~ A Wz = !? we may assume that for any u E W~, v E W~, u < v. Suppose Nthat 
W~ A W~ ¢ !~. It is easy to see that W~ A W~ contains just one point. For x E W~ N W~, 
there exists Yl such that (x, Yl) E Wc~ and there exists Y2 such that (x,y2) E W z. Since 
(x, Yl) < (x, y2), Yl < Y2 and since Wc~ and W~ are distinct convex components of W, 
there exists y3 such that Yl < Y3 < y2 and (x, Y3) ¢ W. So I{Y: (x, y) E P (X)}  I >~ 3. It 
follows that x E B UI.  On the other hand, since (x, Yl) E Wc~, there exists (x0, Y0) E D 
such that (x, yl) E S(xo,Yo) C Wc~ and since (x,y2) E WZ, there exists (Xto,y~) E D 
such that (x, Y2) E S(X~o, y~) c W~. It follows that the right endpoint of S(xo, Yo) and the 
left endpoint of S(Jo, yto) have the form (x, Zl) and (x, z2), respectively. If zl ~ z2, then 
one of the zl and z2 is not 0, so assume zl ~ 0. Then zl must be 1 or - 1 by the definition 
of S(x, y). It implies that x must belong to (RUL) -B .  This is a contradiction. If Zl = z2, 
then from Y0 < zl = z2 < y~ and the fact that the endpoints of S(x, y) are written by 
only three forms (x',0), (x', 1) (when x' E L - B+), (x ' , -1  / (when x' E R - B - ) ,  it 
follows that zl = z2 = 0 and x E I0. So x has neither predecessor nor successor in X, 
hencex¢~°  ~ W~ N W~. Thus for a #/3, ~W ° N W~ -- O. 
Since for every Ix, y) E D, S°(x,y) ~ O, ~o  ~ 0 for every a E A. Hence {~o:  a E 
A} is a collection of disjoint~open sets of Y. Since Y is perfect, {W°:a  E A} i s~-  
discrete in Y and so is {clv W°: a E A}.In the following we show that W~ C clv W °. 
Suppose Wa cly ~'o ~ ~. For x E Wa clr  ~o  C Wa ~0 - ~ - -W~ u ,xmustbe  one of 
the endpoints of Wa, say the left endpoint for instance, then x has a successor. Thus 
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N 
z ~ LU I+.  It follows that if y > 0 then (z,y) (~ P(X). Since x E We, there 
exists some y E [ -1,0]  such that (x, y) E We, so there exists (x', y') E D such that 
(z, y) E S(z', y') C We. Hence the left endpoint of S(z', y') has the form (z, z) where 
-1  <~ z < y ~< 0. By the definitions of S(x,y), z must be -1 .  Therefore x E R. This 
means z has no successor. This is a contradiction. Thus {We: a E A} is also a-discrete 
in Y. Rewrite 
{Wa: o~EA} =U{{w~: aEAn}: new}, 
where A = U{An: n E ~o} and {W,~: c~ E An} is discrete in Y for every n E w. 
Next we show that for every n E ~o, {W,~: a E A,~} is locally finite in P(X). Take 
an arbitrary (x, y) in P(X). Since {W,~: a E An} is discrete in Y, there exist a, b such 
that a < x < b and (a, b) meets at most one element of (We: a E An}. It is easy to 
see that ((a, 0), (b, 0)) is a neighbourhood of (x, y) that meets only a finite numbers of 
members of {W~: a E An}. Hence (We: a E An} is locally finite in P(X). 
Now we show that for a E A, Wa is an F~-set in P(X). That follows directly from 
the facts that P(X) is first countable and that any convex subset of a first countable 
GO-space is an F~-set. 
Therefore U{W~: a E An} is an Fo-set since {W,~: c~ E An} is locally finite in 
P(X). So W = U{U{W~: c~ E A,~}: n E w} is an F~-set. Notice that D C W C U 
and 
U= DU (U A( I  x (-1,1)) U (U N(B x (-1,1)) 
=wu (un Or x (-1,1)) u (un(  x (-1,1)). 
Hence U is an F~-set in P(X). Thus we have shown that P(X) is perfect. [] 
Because a LOTS Y which satisfies the ccc is perfect we have the following: 
Theorem 2.2. Let Y be a LOTS, X = GOy(R ,  E, I, L) a perfect GO-space on Y. I fY  
satisfies the ccc, then X has a perfect linearly ordered extension. [] 
3. More general results 
In this section we apply Theorem 2.1 to prove some more general results. 
Theorem 3.1. Let Y be a LOTS and satisfy that, for any a, b E Y with a < b, [a, b] 
is perfect. If X = GOy(R,E, I ,L)  is a perfect GO-space on Y, then X has a perfect 
linearly ordered extension. 
Proof. If Y is perfect, by Theorem 2.1, X has a perfect linearly ordered extension. 
Suppose Y is not perfect. Then Y fails to have at least one of its endpoints. As- 
sume Y has no right endpoint but has left endpoint, the other cases are similar. It 
is easy to check that any countable sequence in Y cannot be cofinal in Y, otherwise 
Y would be perfect. However X is perfect. By [5, Theorem 2.4.6], there exists an 
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increasing well-ordered iscrete set {x~: a E J} in X which is cofinal in X. Con- 
sider the closure cly+{X~: a E J}, where Y+ is the Dedekind completion of Y. 
Then cly+{x~: c~ E J} is an increasing well-ordered sequence which is homeomor- 
phic with [0, n] for some limit ordinal n. Let {Y/3:/3 < ~-} = {y~ E cly+{X,~: a E 
J}: y~ is corresponding to some limit ordinal smaller than n}. Then {y~: fl < ~-} is 
cofinal in Y+-{the right endpoint of Y+}. Put 
Cl = {Yt3:/3 < ~-} AY; C2 = {YZ: /3 < 7}-  C~. 
Since {x~: a E J} is an increasing well-ordered iscrete set in X, C1 C R U I and 
C2 is a set of the gaps of Y. Let 
Y-1 = (~-, y0); 
YZ = (x E Y: y~ <<. x < y~+l} i f y~EC1;  
Yp={xEY:  y~ <x<yz+l}  i fyzEC2.  
Here we regard the YZ, -1  ~< /3 < r, as subspaces of the LOTS Y. When we regard 
them as subspaces of X = GOy(R, E, I, L), we write X/~ instead of YS. Then 
Y=U{Yz :  - - l<~/3<T} and X=U{X~:  -1  ~</3<'r}. 
Each YO is a perfect LOTS, and each X~ is a closed and open subspace of X and a 
GO-space on Y~, By Theorem 2.1, each X~ has a perfect linearly ordered extension 
P(X~).  It is easy to check that if X/3 has a left endpoint then the left endpoints i  also 
the left endpoint of P(X~) for -1  4/3 < ~-. 
Let P(X~)* = Z-  U P(X~) if X~ has a left endpoint and define the ordering on 
P(X~)* such that the points of Z -  precede the points of P(X~), where Z -  is the set of 
all negative integers. If X~ has no left endpoint, let P(X~)* = P(X~). Then P(X~)* 
is also a perfect linearly ordered extension of X~ which has neither the left endpoint nor 
right endpoint. Put 
x*  = [..J - I  .</3 < 
and define the ordering on X* as follows: 
For x, y E X*, suppose x E P(Xz)* and y E P(X.r)*. If/3 = 7, the ordering between 
x and y is as same as their in P(X~)*. If/3 < 7, define x < y. Let X* has the interval 
topology. It is easy to show that X* is a perfect linearly ordered extension of X. [] 
Theorem 3.2. Let Y be a locally perfect LOTS (i.e., ever), point has an open neighbour- 
hood which is perfect as a subspace of Y), X = GOy(R, E, I, L) a perfect GO-space 
on Y. Then X has a perfect linearly ordered extension. 
Proof. Define an equivalence relation R on Y as follows: xRy if and only if [x, y] 
or [y, x] is perfect as a subspace of Y. Then there exists a subset Y of Y such that 
{Yv: Y E Y} is the set of equivalence classes of Y with respect o R and satisfieds 
y E Yu ' I fx ,  Y E Y andx <y,  thenY~n]Iv =0andf° ranyaE ]Ix, bE Yy, a< b. 
Moreover if y is neither the minimal element of Y nor the maximal element of Y, the Yv 
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has neither left endpoint nor right endpoint. For each y E Y, let X u be the subspace of 
X corresponding to Yy. Then X u is a perfect GO-space on Yr. By Theorem 3.1, X v has 
a perfect linearly ordered extension X~ since Yu satisfies the conditions of Theorem 3.1. 
Also using the construction of X~ we can easily show that if Yv has no left endpoint (or 
right endpoint), then so is X~. For a, b E U{X~: y E Y}, define a < b if and only if 
a, bEXy  anda<boraCX x ,bEXy  andx<y.  Thus clearly X* = U{X~: ycY}  
with the interval topology is a perfect LOTS and is a linearly ordered extension f X 
since each X~ is perfect, closed and open in X*. [] 
Theorem 3.3. Let Y be a locally ccc LOTS, X = GOy(R,  E, I, L) a perfect GO-space 
on Y. Then X has a perfect linearly ordered extension. 
Proof. Since Y is locally ccc, Y is locally perfect. By Theorem 3.2, X has a perfect 
linearly ordered extension. [] 
Finally, we mention an example of the type covered in this section that is not covered 
in Section 2. For example, let Y -- [0, ~ol) be the usual ordinal space equipped with the 
usual interval topology. Then a perfect GO-space which has Y as the underlying LOTS 
is the desired example. 
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